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CN I Abstract 

o 

We introduce a notion of a (V, T)-module over a vertex algebra 
C*~) . V for an arbitrary positive integer T, which is a generalization of a 

~"j \ twisted ^-module. Under some conditions on V, we construct an 

associative algebra A^iy) for m G (1/T)N and an Aj n (V)-A^(V)- 
bimodule A^ m (V) for n, m G (1/T)N and we establish a one-to-one 
correspondence between the set of isomorphism classes of simple left 
AJ^(y)-modules and that of simple (1/T)N- graded (V, T)-modules. 

1 Introduction 

Twisted modules (or twisted sectors) were introduced in the study of 
the so-called orbifold models of conformal field theory (cf.|2, 3j). Let V 
be a vertex operator algebra and G a finite automorphism group of V . 
In terms of vertex operator algebras, the study of the orbifold models 
corresponds to the study of the subalgebra V G of Cr-invariants in V. 



"Partially supported by JSPS Grant-in- Aid for Scientific Research No. 20740002. 



One of the main problems about V G is to describe the y G -modules in 
terms of V and G. Twisted modules have been studied systematically 
as representations of V related to this problem (cf. [61 [TUl E21 Q3]). 
For g £ G, every g-twisted F-module becomes a y G -module. More- 
over, it is conjectured that under some conditions on V, every simple 
V^-module is contained in some simple g-twisted V^-module for some 
g £ G (cf.|3j). However, the following easy observation tells us an 
inconvenience of twisted V-modules from the representation theoretic 
viewpoint: let g, h be two different elements of G, M a g-twisted 
V^-module and N an /i-twisted V^-module. Although M © N is a V - 
module, this is not a (twisted) V-module in general. This is one of 
obstructions to develop the representation theory of V . 

In this paper, we first introduce a notion of a (V,T)-module for 
a vertex algebra V and a positive integer T, which is a generaliza- 
tion of a twisted ^-module, in order to resolve the inconvenience 
just mentioned above. We next generalize the results by Zhu[16 
to (V, T)-modules. In [16], if V is a vertex operator algebra, then 
Zhu constructed an associative algebra A(V) and gave a one-to-one 
correspondence between the set of isomorphism classes of the simple 
A(V)-raodules and that of the simple V-modules with some conditions. 
Some generalizations of A(V) have been obtained in [U El El [8] and 
they have played an important role in the representation theory of 
V. We shall show the following results for a vertex algebra V with a 
grading V = ®^ A Vi such that A £ Z<q, 1 £ Vo and for all homo- 
geneous element a £ V, aiVj C V-wta-i-i+j, where V{ = for i < A. 
For every positive integer T and n,m £ (1/T)N, we shall construct an 
associative algebra A^V) and an yl^(V r )-^4^(V r )-bimodule A^ m (V) 
in Theorem 14.51 If T = 1, then A^ m (V) is the same as A n)fn (V) in 
[5] and A^(V) is the same as A n (V) in |7J. In particular, ^4q(V0 i s 
the same as A(V) in [16] . For an automorphism g of V of finite or- 
der, Ag tntTn (V) in [6l[8] is a quotient of A^j m (V). For m £ (1/T)N 
and a left A^ n (V)-module U, we shall show in Theorem 15.131 that the 
(l/T)N-graded vector space M(U) = e ne (i/T)N^n, m (^) ®^(V) U 
has a structure of (V, T)-module with a universal property. In Corol- 
lary 15.141 we establish a one-to-one correspondence between the set 
of isomorphism classes of simple Aq (V)-modules and that of simple 
(l/T)N-graded (V, T)-modules. 

The organization of the paper is as follows. In Section [2] we intro- 
duce a notion of a (V, T)-module. In Section [3] we introduce a sub- 
space O n ',m{a, f3;x) of C[z, z~ J for n,m £ (1/TjN and a,j3 £ Z and 



study its properties.. In Section H]we construct an associative algebra 
A^(V) and an i4£(V>4£(V>bimodule A^(V) for n,m € (1/T)N by 
using the results in Section |U In Section [5] we introduce a notion 
of a (l/T)N-graded (V, T)-module and study a relation between the 
(l/T)N-graded (V, T)-modules and the left ^^(V^-modules. Section 
6 consists of two subsections. In Subsection 16.11 we compute the de- 
terminant of a matrix used in Section [3l In Subsection 16.21 we improve 
some results in |15j . 



2 ( V, T)-modules 



We assume that the reader is familiar with the basic knowledge on 
vertex algebras as presented in [TJ EJ [13] . 

Throughout this paper, N denotes the set of all non-negative in- 
tegers, T is a fixed positive integer and (V, Y, 1) is a vertex algebra. 
Recall that V is the underlying vector space, Y(—,x) is the linear map 
from V to (EndV)[[x, x~ ]], and 1 is the vacuum vector. For i,j € Z, 
define 

Z<i = {k G Z | k < i}, 

Z>i = {keZ\k> i}, 
C[x,x ]<{ = Span c {x | k < i}, 
C[x,x~ ]j t i = Span c {x | j < k < i}. 

For f{z) S C[z,z _1 ] and a, b € V, f(z)\ z3=a . b denotes the element of 
V obtained from f(z) by replacing z 3 by a,jb for all j S Z. For i,j € Q, 
define 

S(i<j) = { 1 n V~ h (2- 1 ) 

Let M be a vector space over C. Define three linear injective maps 

t y , x :M[[ x y T ^ T ]][x-^,y-y T ,{ X -y)^]^Miyy T ))ix l / T % 
,,,,_, :M[[^,,VT ]][x -i/T iI/ -i/T i (x _ 0-lj _> M((y i/T ))((x _ y)) 



by 



i+l—i,.k+i 

y i 



Lx,yf = E tt J,k,l E ( J ( _1 ) V 
j,k.l i=0 ^ ' 

j,k.l «=0 ^ ' 

■,*-«/ = E a ^.* Er 7 y fc+ '" J ( x - y) i+i 



'>,.,.! } «,./,■ i ) , I . jl-lj" y +Z V +i , 



for / = Ei.fe.iOi.Jfe.^y^ " 2/)' e M^.yVTjj^-i/r^-i/T^, _ 
J/) ],Oij,fe G M. We can also define the map 

c x -y, v : M[[x^, y^]] [x-y?, y^ T , (x - y)" 1 ] -► M(((x - y^W?)) 
similarly. Since i x ,y{% — v) % = Yl'jLo {j) xl ~ J (~ i ) J V' anci i x-y,yX % = 

ET= G) (s-jO^V. we identif y M (((* - y) 1/T ))((y 1/T )) with Mix^W^)) 

and i x -y,y with 1^. 

Now we introduce a generalization of a twisted module. 

Definition 2.1. Let M be a vector space over C and Ym(—,x) be 
a linear map from V to (End c M)[[x 1 / T , x - 1 / T ]\. We call (M,y M ) a 
(V,T) -module if 

(1) For a G F and w £ M, Y M (a,x)w G M(<y/ T )). 

(2) Y A ./(l,x) = id M . 

(3) For a, 6 G F and io G M, there is F(a, b,w\x,y) G Mf^ 1 ^, y 1 ^}} [x~ l / T , y~ 1/T , (»- 
y) _1 ] such that 

L Xj yF(a,b,w\x,y) = Y M (a,x)Y M (b,y)w, 
Ly tX F(a, b,w\x, y) = Y M (b, y)Y M (a, x)w, and 
Ly^- y F{a 1 b,w\x, y) = Y M (Y(a, x - y)b, y)w. 

We note that in Definition 12.11 F(a,b,w\x,y) is uniquely deter- 
mined by a, b G V and w G M since c x>y is an injection. For a (V, T)- 
module M, a subspace N of M is called (V,T)-submodule of M if 
(N, Ym\n) is a (V, T)-module, where Ym\n is the restriction of Ym to 
JV. A non-zero ( V, T)-module M is called simple if there is no submod- 
ule of M except and M itself. For a submodule N of a (V, T)-module 
M, the quotient space M/N is clearly a (V, T)-module. For a set of 
(V, T)-modules {Mj}j e /, the direct sum ©j e /Mj is a (V, T)-module. 



Remark 2.2. It follows from Lemma 12.41 below that every (V, 1)- 
module is a F-module and vice versa and that every g-twisted V- 
module is a (V, |g|)-module for an automorphism g of V of finite order. 
Let T" be a positive multiple of T. Then every (V, T)-module is a 
{V, T')-module. 

Example 2.3. We introduce an easy example of simple (V, T)-modules 
which is not a twisted ^-module. Let V be a simple vertex operator 
algebra. Suppose the symmetric group S3 of degree 3 is an auto- 
morphism group of V. Let a, r € S3 such that \a\ = 3 and \r\ = 2 
and M = ©je(i/3)N^0') a si m pl e u-twisted V-module [6j. It fol- 
lows from Remark 12.21 that M is a (V, 3)-module. Restricting Ym to 
V( T > , M becomes a (y' r ',3)-module. We shall show M is a simple 
(V"' T ' , 3)-module. Let W be a non-zero ( V' r ' , 3)-submodule of M. We 
denote the subspace ®j£i/3+^M(j) of M by M*,i = 0,1,2. Since 
tot = a^ 1 ^ a, an improvement of |15t Theorem 2] (see Subsection 
I6.2f) implies that M^^M 1 and M 2 are all inequivalent simple V 3 - 
modules. Thus, VF contains at least one of M®,M l and M 2 since 
yS 3 (- y{r) _ -yy e denote the eigenspace {u £ F | at; = e -27r v /:r TT'/3 t; j Q f 
a by F( ff ' p ),r = 0, 1, 2. It follows by [S Proposition 3.3] and [HI Theo- 
rem 1] that V^ T ' <f_ V^ 7 ' and hence there exists a = aP + a 1 +a 2 € V^ T ' , 
a r € y( CT > r ) such that at least one of a 1 , a 2 is not zero. Since 



Y M (a,x) = y^a°ff 4 x + ^ afx * * + ^ "7-'' 



iel/3+Z JG2/3+2 



and M is a simple a-twisted ^-module, W contains at least two of 
M°, M 1 and M 2 . Repeating the same argument, we obtain that M is 
a simple (F^ r ',3)-module. 

Since at least one of a 1 , a 2 above is not zero, M is not a V- module. 
Suppose M is a ^-twisted T/' 7 "' -module for some <? € Aut V^ T ' of order 
3. Then, the eigenspace (V< T >)k' r ) = { v e y(^> | 9U = g-W^Ir/s^j. 
of 5 is a subspace of T/( cr ' r ') for each r = 0,1,2 since YM(b, x) = 
T,jer/3+z b J x ~ J ~ liovbe (W T >)&»' r ). Therefore,^^)^ 1 ) = (V^)^ 2 ) 
since there is no representation p of S* 3 such that p(a) = e — 2ir V—ir/3 
and p(r) = 1 for r = 1,2. This contradicts to that the order of g is 
equal to 3. We conclude that M is not a twisted V-module. 

Let M be a vector space. For r = 0, ... ,T — 1 and X(x,y) = 
£« e (i/r)z *ii*V € M[z 1/T ,z~ 1/7 V /T ,ZT 1/T ]], *« e M > we de " 



fine 



x(x,yy> x = Yl X ^y j and 



i&r/T+Z 

ie(i/r)z 

x( x , y y>y= Y, x ^y 3 - ( 2 - 2 ) 

*e(i/T)z 

jer/T+Z 

In the same way, we define X(x,y) r ' x and X(x,y) r ' y for X(x,y) G 
M[[^ /T ,4 /T ]][o ; r 1/T ) x- 1/T ,(xi-a ;2 )- 1 ]. Clearly, E^ 1 X(x, y)^ = 

Er=o X (^y) r,2/ = *(s>l/)- For < s < T - 1, j G s/T + Z,fc G 
(1/T)Z and / G (1/T)Z, the following fact is well known and straight- 
forward: 

— ljr/ X l X 2 \ / / j k I \\ \ 

x "\ ) L x 1 ,x 2 {{ x l x 2 x o)\xo=xi-X2) 

XQ 

— 1 r/ ~ x 2 ' x l \ (/ j ' k I \\ \ 

~ x <H J^jSi \\ x l x 2 x O)Wo=xi-X2) 

x 

= x i ( - ) 0( - ) i X2,x \\ x i x 2 x o)\x 1 =x 2 +x Q )- (2.3) 

The argument in the proof of the following lemma is well known 
(cf. [13, Sections 3.2-3.4]). 

Lemma 2.4. LetA(x 1 ,x 2 ) G M((x} /T ))((x2 /T )), B(x 2 ,x 1 ) G M((xl /T ))((xl /T )),and 
C(x2,xo) G M((x 2 ))((xo)). Then, the three following conditions are 
equivalent. 

(1) There is F G M[[x/ , x 2 ]][x x , x 2 ,(xi — X2)~ 1 } such that 

i Xl ,x 2 F = A(xi,x 2 ), L X2tXl F = B(x 2 ,xi), and 

L X2>X1 - X2 F = C(X2, xi - x 2 ). 

(2) There are CW(x 2 ,x ) G M((x 2 /T ))((x )), s = 0, . . . ,T - 1 suc/j 
i/iai Es=o CW(x2,xo) = C(x2,x ) and 

x X 1 ^X2 ^ ! -X^+Xi ^ 

x x 

= xr l ( ^2 + X0 rs/ ^ ( X2+Xo [g] 

Xl X\ 



(3) There are positive integers I, q and C^ s '(x 2 , xq) G M((x 2 ))((xo)), s 
0, ... ,T - 1 such that J2s=o C^(x 2 ,x ) = C(x 2 ,xq), 

(xi - x 2 ) l A(x 1 ,x 2 ) = (xi - x 2 ) l B(x 2 , x x ) (2.5) 

. , # rr 1/T 1/T -1/T -1/T-n , 

in M\\x{ ,x 2 ,x l , x 2 \\ ana 

i-x ,x 2 (x + x 2 y s/T+q (A(x 1 ,x 2 ) s ' Xl )\ Xl=X0+X2 
= L X2 , X0 (x 2 + x )- s / T+ iC^(x 2 ,x ) (2.6) 

in M[[xq,x 2 ,Xq ,x 2 ]]. 

In this case, F and C^ s '(x 2 ,xo), s = 0, ... ,T — 1 are uniquely deter- 
mined by A(xi,x 2 ),B(x 2 ,xi) and C(x 2 ,xq). 

Proof. We show (1) implies (2). Define CM(x 2 ,x ) G M((x 2 /T ))((^o)) 
by CW(x 2 ,xi - x 2 ) = i^^F"'* 1 G M((x2 /T ))((x! - x 2 )) for s = 
0, . . . ,T-1. Clearly, ^=0 CW(x 2) x ) = C(x 2 ,x ). Since i xl , X2 F s ^ = 
A(xi, x 2 ) s ' Xl and l X2 , Xi F s > Xi = B{x 2 ,xi) s > Xl for s = 0, . . . , T - 1, (E3D 
follows from f|2.3[) . 

We show (2) implies (3). Let I be a positive integer such that 
x(,CW(x 2 ,x ) G M((x 2 /T ))[[x ]] for all s = 0, ... ,T - 1. Multiplying 



(|2.4|) by Xq and then taking Res xo , we have (x\ — x 2 ) l A{xi,x 2 ) s ' Xl 
(x\—x 2 ) l B{x 2 , xi) s,Xl and hence (|2.5p . Let g be a positive integer such 
that x7 s/T+9 5(x 2 ,xi) s ' xl G M((x2 /T ))[[xi]] for all s = 0, . . . ,T - 1. 
Multiplying (|2.4p by x^ 9 and then taking Res^, we have (|2.6p . 
We show (3) implies (1). Since the left-hand side of (|2.5p is an ele- 

1 /T 1 1 /T 1 

ment of M((x x ))((x 2 )) and the right-hand side of (|2.5[) is an element 
of M((xl /T Mx{ /T )), G = (xi - x 2 )^(xi,x 2 )(= (xi - x 2 )' J B(x 2) x 1 )) 
is an element of M[[x/ , x 2 ]][x 1 ,x 2 ]. Define 

F = (xi - x 2 )-'G G M[[xi /T ,X2 /T ]]K 1/T ,x- 1/T , (xi - x,)- 1 ]. 

It is clear that L X1>X2 F = j4(xi,x 2 ) and C X2>X1 F = B(x 2 ,x±). Applying 

the same argument to (|2.6p . we obtain H* G M[[x/ , x 2 ]][x x ,x 2 , (xi- 

x 2 ) _1 ], s = 0, . . . ,T — 1 such that 

L xl - X2 ,x2 H s = A(xi,x 2 ) s ' Xl = A{(xi -x 2 ) + x 2 ,x 2 ) s ' Xl and 

^ X2 ,x\— X2 ^s — tv (Xl, Xl X 2 J. 



Since M(((x 1 -x 2 ) 1 ' T Mx 1 2 /T )) = M((xJ /T ))((x^ /T )) and t XUX2 is in- 
jective, we have F s ' Xl = H s for all s = 0, . . . ,T — 1 and therefore 

^x 2 ,x 1 -x 2 P = C(x 2 ,Xi — X 2 ). 

We show F and C^ s '(x 2 , xq), s = 0, . . . ,T — 1 are uniquely deter- 
mined. Since £ XliX2 is injective and l Xi>X2 F = A(xi,x 2 ), F is uniquely 
determined. In the above argument that (3) implies (1), we have 
constructed F such that i xltX2 F = A{x\,x 2 ) and l X2 ^ x1 - X2 F s ' Xi = 
CW(x 2 ,xi - x 2 ). Thus, CH(x 2 ,x ), s = 0,...,T - 1 in (3) are 
uniquely determined. A similar argument shows that C^ s '(x 2 ,xq), s = 
0, . . . , T — 1 in (2) are uniquely determined and that CM (x 2 , xq) in (2) 
is the same as that in (3) for each s. □ 



Remark 2.5. The following facts for (J2.4J) are well known and straight- 
forward. 

(1) A direct computation shows that (|2.4|) is equivalent to 



1 ,x 1 -x 2 -ix(~ X2+Xl \ot \ 

d{ )A(xi,x 2 ) -x Q 5{ )B(x 2 ,x 1 ) 

x x 

i y: ^e^ ^+jo) 1 ^ g e2 .^ s /r C M (xa> xo) . 

(2.7) 



r Z^"l "^ l/T 

j=0 x l s=0 



,.-p-i -3- 1 nr™ ™. \ — v^ r ™-p-i™-?-i 



(2) IfwewriteA(xi,x 2 ) = Ep,,%,?) I i x 2 ,-B(x 2 ,xi) = Y, P , q B ( P ,q)X 2 %\ 



andCH(x 2 ,x ) = E P ,g C '(p ig ) 2; 2 P 1;r o ? \ where ^,9), %,<,), C(p,g) G 
M, then we have 



5Z ,• )( -1 )*(A'+J'-v*-H) + (- l ) l+lB (l+k-i,j+i)) 
t=0 w 

for < s < T - 1, j 6 s/T + Z,k € (1/T)Z and I e Z by 
comparing the coefficients of both sides of (|2.4p . Thus, a direct 
computation shows that (12. 4h is also equivalent to the condition 
that 

Res Xl A(x!, x 2 )t Xl<X2 (x j 1 X2(x 1 - x 2 ) 1 ) 

- Res Xl B(x 2 ,x 1 )i X2<Xl (xjx 2 (xi - x 2 ) 1 ) 
= Res^-^ C [-sl (x 2 , xi - x 2 )l X2 , Xi - X2 (x{x 2 (xi - x 2 ) 1 ) (2.9) 



in M[[xl /T , x 2 1/T ]] for all < s < T-l, j G s/T+Z, k G (1/T)Z 
and I E Z. Here, Res^ is defined by 

Res x /(x) = /_i 
for /(*) = £ 4e(1/T)z /^ e M[[x 1 / T ,x- 1 / T ]]. 

Remark 2.6. For g£Zwe denote by M((x 2 7 ))((a?o))>g the set of all 

elements in M((x 2 ))((%o)) of the form ^2ie(i/T)z Xij^Zv' Suppose 

jeZ> q 

C(x 2 ,xo) in Lemma 12,41 is an element of M((x 2 ))((^o))>g- Since 
tx 2 ,x 1 -x 2 x{x^(xi - x 2 ) 1 = ESo (i) x 2 +i ~ i ( 2; i - x 2 ) l+ \ we see that 
F in Lemma 12.41 (1) has the form F = (x\ — x 2 ) 9 G, where G G 
M[[x l 1 /T ,x 1 2 /T }][x^ 1/T ,x 2 1/T }. Thus, CW(x 2 ,xo) = t X2 , xl - X2 F s ^ G 
M((xl /T ))((x ))> q for aU s = 0, . . . ,T - 1. 

Let M be a (V, T)-module. For a G V and s = 0, . . . , T — 1, we 
define Y^(a, x) by 

Y&(a,x) = Y, (HX- 1 - 1 . (2.10) 

iGs/T+Z 

Let a,b G V and iu G M. We denote by YJ^ s (a, b\xi,Xo)(w) the 

element CM(x 2 ,xo) of M((x 2 ))((xo)), s = 0, ... ,T — 1 obtained by 
applying Lemma [2T4l to A(xi , x?) = Yjf(a, xi)Ym(6, #2)^, ^(^2>^l) = 
1m(&, K2)iM(a,ii)w and C(x 2 ,x ) = Ym (Y(a, Xo)b, X2)w. That is, 

Yj%\a,b\x\,x\~X2)(w) = Lx2,x 1 -x 2 (F(a,b,w\xi,X2y s ' Xl ). (2.11) 
The conditions in Lemma 12.41 (2) become 

T-l 



Y,Yi?(a,b\x 2 ,x )(w)=Y M (Y(a,x )b,x 2 )w (2.12) 



s=0 

and 

x ( 7 1 (5( )Y^(a,xi)Y^f(6,X2)ty - x " 1 <5( )Ym(&, £2)*m(°> xi)w 

xo Xq 



-1 



■ ^2 + 2;o, s / T ,x 2 + ^ck v (s) 



/ r 5(^^^)y^(a,6|x 2 ,xo)M. (2.13) 

X\ X\ 

The uniqueness of F(a, 6, u;|xi,x 2 ) for each a, 6 G V and w £ M 
implies that for fixed a, 6 G V the map Y^ (a, 6Jx 2 ,xq) : M — > 



M((x 2 ))((xo)) is linear and that the map VxV 3 (a,b) h-> Yj^ (a, b\x 2 , xq) E 
Homc(M, M((x 2 ))((^o))) is bilinear. We write 

*j£r (a,b\x 2 ,x ) = Yl 5^ Y M ) ( a ' 6 '*'^ a: 2*~ la: o" J ~ 1 ' 

i6(l/T)Zj'6Z 

where ^(a, 6; i, j) G End c M. 

Remark 2.7. Let g be an automorphism of V of finite order, t 

a positive multiple of \g\ and (JW, Yjvf) a ^-twisted F-module. As 

stated in Remark [2T2l (M, 1m) is a (V, t)-module by Lemma [2^1 We 

explain what is Y^ (a,b\x 2 ,xa) for a, b E V and s = 0, ...,£ — 1 

in this case. We denote by V^ 9,r ',r = 0, ...,t — 1 the eigenspace 

{i> € V \ gv = e~ 2w v ^ lr / t v} of g. For a E V, we denote by cS 9,r > the 

r-th component of a in the decomposition V = ffi r = ^ > that i s > 

a = E*=o a(9 ' r) > a(9 ' r) G y (9 ' r) • 

Let < s < t - 1, a, b E V and w E M. Since 

(YAf(a,xi)lM(M2H~ S,:El =nf(a (9 ' s) ,xi)lM(6,x 2 V and 
(Y M {b,x 2 )Y M {a,x l )w)~ s ^ = Y M (b,x 2 )Y M (a^ s ), Xl )w, 
it follows by §M§ that 

Yi s) (a,6|x 2 ,x )H = Y M (Y(a^ s \x )b,x 2 )w. (2.14) 

Let a,b E V, w E M, j,k E (1/T)Z,Z G Z and s the integer 
uniquely determined by the conditions < s < T — 1 and s/T = j 
(mod Z) . It follows by (I2.8P or by comparing the coefficients of both 
sides of (l2~T3|) that 

J2(^)y£ ) (o,6;j + fc-f,l + *)(t(;) 

i=0 ^ ' 

= 2 fO (-l)*(ai+J-i&fc+t + (-l) /+1 ^+ fc - i a i+i ) U ;. (2.15) 

<=o W 
It follows by (H3|) that 

Res^-^ i x ^ Xl - X2 {x? x x\(x\ - x 2 ) l )Ylj' (a, b\x 2 , xi - x 2 ){w) 
= Res a;i L Xl , X:i {x{x 2 {xi - x 2 ) l )Y M (a,xi)Y M (b,x 2 )w 

- Res^ t X2 ,xi{x{x 2 {xi - x 2 ) l )Y M (b, x 2 )Y M (a, x\)w 
= Res^ i Xl ,x2{x\ x 2( x i ~ x 2 ) l )Y^(a,xi)Y M {b,x 2 )w 

-Res^ t X2 , Xl (x{x2{xi - x 2 ) l )Y M (b,x 2 )Y^(a,xi)w. (2.16) 
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Lemma 2.8. We use the notation above. Let L be an integer such 
that aib = for all i G Z>£ + i. Then 

Y$(a,b;j + k,l)(w) 

L-l 



/-^ \ m ) Z^ 



m=0 v x i=0 



I + m 



(-iy(ai +m+j -ib k -m+i + (-1) bi +k -ia j+i )w 



rW, 



(2.17) 

l/Tv 



Proof. It follows from Remark l2T6l that Y^ (a, b|%9. xn)(w) £ M((x 2 ))((xo))>-L-i- 
Thus, if Z > L, then the both-sides of (|2,17p are equal to 0. Suppose 
I < L. Define 

R(m) = Y^ I . J (-iy(a m+j _ib k _ m+ i +i + (-l) m+1 b l+k _ia j+i )w 

4 = ^ % ' 

for m G Z<£. Since 



/ 1 0\ 

(i) i ••• 



/ Ylf{a,b;j + k + l-L,L)(w) \ 
Y$(a,b;j + k + l-L + l,L- l)(w) 



Y$(a,b;j + k,l)(w) 



Kill) ■■■ (i) (!) V 

/ i?(L) \ 

R(L - 1) 

V R(l) I 

by (|2.15p . we have 

I Y$(a,b;j + k + l-L,L)(w) \ 
Y$(a,b;j + k + 1 - L + 1,L- l)(w) 



V Y$(a,b;j + k,l)(w) 



( 1 

(7) 
(7) 

V(l7,) 



o\ 



(7) (7) V 



I 

R(L-l) 

\ W) I 
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This implies ([2"T7]) . D 

Let a,b G V, w G M, j,k G (1/T)Z,Z G Z and s the integer 
uniquely determined by the conditions < s < T — 1 and s/T = j 
(mod Z). It follows by Lemma [2^1 that -F(a, l,w\xi,X2) = Ym(cl,xi) 
since Ym(o, x\)Ym{1-,x 2 )w = Ym(o,xi)w G M[[x x , x 2 ]][x x ,x 2 ,(x\- 
X2) ]■ Comparing the coefficients of 

l X2 ,x 1 -x 2 x{Y^' (a,l\x 2 ,xi -x 2 )(w) 

fee(i/T)z «ez i=o ^*' 
and 

t / X2,xi—X2%l*M\Q'i X\)W 



EE _i_i (-^Vw 1 ^' Vi-^)" 



k&Z l£Z 

we have 

-2-1 , .V 

^ PjyWfoiji + fc-M + OM 

j=0 ^*' 

(, _ J (-i^S+M-J+l™ iffc€Z, , 21g , 

if k & Z. 

Here, we used Y^ (a, \\xi-,X\ — X2)(w) G M((x 2 ))[[xi — X2]] by Re- 
mark [276J We can also obtain (|2.18p by taking b = 1 in (|2.15|) . Taking 
I = — 1 in (12.18p . we have 

y (s) fa Vi -\\(w)-i QiW ifiEs / T + Z ' f2 19) 

y Ml a >-M, ijw-| ifi^s/r + z. l yj 

By a similar argument, we have F(l,o, io|a;i,a;2) = Ym(«, £2)10, Y^ (l,a|a;2,xi- 
^2)(^) = 5 Si oYm(o, X2)u^ and hence 

4* 1 (l,o;A l !)(«') = <y.,o*,-iOfe«;. (2.20) 

Lemma 2.9. Let M be a (V,T) -module. Then, Ym (a_2l,x) = -j-Ym (a, x). 
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Proof. Let a G V, w G M, k G (1/T)Z and s G Z with < s < T - 1. 
Taking j = s/T and Z = -2 in ([2TT8]) . we have 



Y^(a, l;- + k, -2)w + -Y${a, 1; - + k - 1, -l)u; 



, " 7 " 1 -^ + fc > -2)ti; + | ; yiS f ' ) (o ) l;| ; 

-A;a s/r+fc _iw if k G Z, , . 

ififegZ. l j 

Let r G Z with < r < T - 1 and n G r/T + Z. By ([27L9]) and (EOT]) , 
we have 

T-l 
(a_ 2 l) n w = J^ y|; } (a, 1; n, -2)(w) 



s=0 
T-l 

^yW^l^ + C-^ + n),^)^) 

T-l 

J^ ^Y$(a, 1; 1 + (_± +n - 1), -1)H - (-£ + raK-iW 

s=0 

—a n ^iw - (-— + n)a n _iu; 

—na n -iw. 

D 



3 Subspaces of C[z, z l 

Throughout this section we fix a non-positive integer A. This is the 
lowest weight of a graded vertex algebra V = (B^^Vi which will 
be discussed in Section |U In this section we introduce a subspace 
0n,m(a,/3;z) of C^z" 1 ] (see (EHUD below) for n,m G (1/T)N and 
a, (3 G Z and we study its properties. The subspace O n ' t1n (a>, (3; z) will 
be used to define the subspace O n ',m(V) of V in Section [H 

For N, q G Z and Q £ Q, 0(N,Q,q; z) denotes the subspace of 
C[z, z~ x ] spanned by 



Res x ((1 + 


x) ( 


3 x <?+i 




Z'x-i- 


- 1 ) 


N-q-j 
j=0 




M' +,+J , 3 


= o,- 


-1,... 



(3.1) 
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and z l ,i G Z>jv+i- If N < q, then 0(iV, Q,q; z) = C[z, z" 1 ]. A similar 
computation as in the proof of Lemma [2.81 shows the following lemma 
(or see |15|. Proof of Lemma 2]). 

Lemma 3.1. Fix N, q G Z, Q G Q and i G Z<tv- Then 
^EE(,;J +j )(^} ,+i (mod 0(iV,Q, ,;.)). (3.2) 

The proof of the following lemma is similar to that of |15[ Lemma 
3]. 

Lemma 3.2. Let N G Z, qo, . . . , qx-i G Z and Qo, . . . , Qt-i G Q such 
that Qi jL Qj (mod Z) for all i ^ j. The diagonal map C[z,z _1 ] 3 
f i-> (/,...,/) G C[z, z _1 ]® T induces an isomorphism 

T-\ T-\ 

Ciz^- 1 }/ f] 0(N,Q s ,q s ;z) ^ Q)C[z,z- X ]/0{N,Q s ,q s ;z) 

as vector spaces. 

Proof. It is sufficient to show that the induced map is surjective. Note 
that C[z, z ]>n+i is a subspace of 0(N, Q s , q s ; z) for each s. Fix an 
integer q such that q < min{go, • • • ,Qt-i}- We may assume q < N 
from the comment right after (|3.ip . Since 0(N, Q s ,q] z) is a subspace 
of 0(A^", Q s ,q s ] z) for each s = 0, . . . , T — 1, it is sufficient to show that 
the diagonal map 

„-li 



\ z , z \N+l-T{N-q),N 3 / 

s=0 



(/ + 0(N, Q s ,q; z))?-, 1 G C[z, z^j/OiN, Q s ,q; 



is surjective. For a Laurent polynomial A(z) = Yli=N+l-T(N-a) ^ iZ% e 
C[z,z _1 ]jv +1 _ T '( A r_q) j 7V) it follows by (|3.2p that 



i=AT+l-T(AT-g) fc=l j=l V ^^^-V \ •// 

(3.3) 
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for , = 0, . . . , T - 1. We denote £* =1 (_-<£_ .) (£.) by a^ + , for 
0<8<T-l,l<Jfe<iV-gand»eZ. Define T T(N -q)x(N- q)- 
matrices T s , s = 0, . . . , T — 1 by 



/ ™ 



s,2 



r. 



Since 



a (T-l)(7V- g )-l a (T-l)(7V-q)-l 

8,1 8,2 

a (T-l)(N-q)-2 a (T-l){N-q)-2 



a 



o 



-l\ 



s,N—q 

(T-l)(N-q)- 

s,N-q 

(T-l)(N-q)-2 



\ a 



s,l 



-iV+g 



Q: 



8,2 



Af+<? 



O 



s,N-q 

-N+q 



(^N+l-T(N-q)i ^N+2-T(N-q)> ■ • ■ > -V/v)!^ 



^g+i s 



vA 



is equal to the right-hand side of (13, 3D for s = 0, ... ,T — 1, it is 
sufficient to show that the square matrix 



r = (r ri • • • r T _i 



(3.4) 



of order T(N — q) is non-singular. It is proved in Subsection 16.11 that 
r is non-singular. □ 

For N £ Z and 7 £ Q, define a linear automorphism V3tv j7 of 
C^^by 



<PN,*y(z l ) 



(-lY +1 Re Sx ((l + 



T, j&<lf zPx-i- x ) forz<iV, 

for z > AT" + 1. 

(3.5) 



Lemma 3.3. 



¥>JV, 7 



(Res*((l + x)V J] 



j't-j-i 



Z J X 



)) 



i6Z<jv 

(-l) m Res :E ((l + x) 7 - fc - t - / ^ -/,-'-' 



£ 



x >^ z J x 

,2 



) (3-6) 



for k £ Q and i £ Z<jv- In particular, (f Nl = idcu z -ij and 

<p Na {0(N, Q, q; z)) = 0{N, -y-Q-q,q;z) 
for Q £ Q and gGZ. 
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Proof. We simply write (p = <fN,y Let i G 1><n- Since 

JV-i 



^) = (-d* +1 E(Y) 



3=0 

we have 

JV-i 



(p(Res x (l + x) k x i Y^ *x~ J ~ 1 ) = ^[)<P(z i+J ) 

3&<N 3=0 ^' 

N-i ,, , A^-i-j / . .s 

= E(-)(- 1 ) l+J+1 E 7 T , p +B 

j=0 VJ/ m=0 V y 

N ~ i /l\ N-i-j , . . . 

j=0 ^' m=0 ^ '' ' 

=£,-i)- + « 2 - e 0')(- 7+ :;'- 1 ) 

;— n n<--; ™<- jv_i V/ V / 



=0 0<j,m<N-i 

j+m=l 



i— r) \ / 

7— n V / 



2=0 

v-/ 

V / / 

Z=0 

(-l) i+1 Res :c ((l + x)^ fe -V Y ^x-'- 1 ). 



By this, (p 2 (z 3 ) = z^ for j € Z. Since 
V?(Re S;c ((1 + x)°x 9+fl! J^ 



^'z - ''- 1 ) 



= (-l)« +d+1 Re S:c ((1 + X y- Q - q - d x q+d Y, z j x~ j ~ l ) 

3&<N 

= (_i)9+*f i ^ /^ ReS;c ( (1 + ^-Q-^+d+m J- jx-i- 1 ) 

m=0 V m / jeZ^jv 

for d € Z<o, we have ifN^(0(N, Q, q; z)) = 0(N,7 — Q — q,q; z). □ 

Throughout the rest of this section, m = l\ + ii/T,p = l 2 + 
i 2 /T,n = h + h/T £ (1/T)N with h,l 2 ,l 3 G N and < h,i 2 ,i 3 < 
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T — 1. We always denote m,p,n as above until further notice. For 
i,j G (1/T)Z, r(i,j) denotes the integer uniquely determined by the 
conditions 

< r{i,j) < T - 1 and i - j = r -±2±L ( mo d z). (3.7) 

For < s < T — 1, s v denotes the integer uniquely determined by the 
conditions 

0< s v <T- 1 and h - i 3 = s + s v (mod T). (3.8) 

For s = 0, . . . , T — 1 and a, /3 G Z, define 

Og^'V, # *) = 0(a + P - 1 - A, a - 1 + h + S(s < h) + £, 

-h-h- 8{s < h) -5(T <s + i 3 ) - 1; z) 

(3.9) 

and 

T-l 
Oj£(a,/3;z) = f| O^'^a^;^, (3.10) 

s=0 

where A is the fixed non-positive integer as stated at the beginning of 
this section and S(i < j) is defined in (|2.ip . 

For a, /3,j € Z and s = 0, . . . ,T — 1, define a Laurent polynomial 

*g>)(a,/3,j;z) 

= Res^ ((1 + x ) a ~ 1+ll+s ^- i ^ + ^ T x~ h ~ l3 ~ s( - s - il ' i ~ S ^ r - s+i ^~ 1+ ^ 
Y^ z'x-*- 1 ) 



X 






h v 

x z i-h-'3-<5(s<n)-5(T<s+«3)-l+i ("3 ]_j\ 

( r p. Q \ 

The disjoint union {\&n,m ( a i /S, j; z) \ j = 0, —1, . . .} U {z l \ i > a + 
/3 - A} spans C&'V,/?; z) by ([32}. 



17 



Lemma 3.4. Let m' = l[ + i' x /T,n' = 1' 3 + i'jT G (1/T)N with 
I'lil's € N and < i'i,i 3 < T — 1. If m! < m and n' < n, then 
{ n! m (a,/3;z) C 0„/„/' (a,/3;z) /or a,/3 G Z and s = 0, ... ,T - 1. 
In particular, O n ',m(at, (3; z) C O n ! m ,(a,[3; z). 

Proof. Let pi = li + «5(s < n) - (l[ + <5(s < i'j)) and p 3 = h + S(T < 
s + i 3 )-(l' 3 + S(T < s + i' 3 )) for s = 0, ...,T-1. It follows by m' <m 
and n' <n that pi and /03 are non-negative integers. Since 

*g>W,j;z) = f; f^ViT£(a,/3,j - p 1 -p 3+ i; Z ), 
t=o v y 

the proof is complete. D 

A direct computation shows 



v _ 

+<5(T<s v + i 3 ) = <5(s<ii)-l (3.12) 



-s-s v +«i -i 3 i C/ .,. . 



r 

for s = 0, . . . , T — 1 and hence 

<5(s v < ii) + <J(T < s v + i 3 ) = 5{s < i x ) + 5{T <s + i 3 ). (3.13) 
For a non-positive integer j, it follows by (|3.6p . (l3.12p and (I3.13P that 

V? Q+/3 _1_ A,a+f3+m-n-2 (*£fm ) (A «) J5 z )) 
= ReSa; ((1 + z ) a - 1 + / i+ <5 ( s ^ l i)+s/T-i x -/i-«3-5(s<Ji)-5(T<s+J 3 )-l+j 



zV- 1 - 1 ) 



Ka+0-l-A 



z — n \ / 



k=0 

and hence 

^ +(3 _ 1 _ A ,^ +m -„- 2 (OE V) ' 1 (fta;2)) = Og^(a,ft4 (3.14) 
Thus, 93 a + / g-i-A,a+/3+m-n-2 induces an isomorphism 

c[z, z-VoS^' 1 ^, «; *0 -> c ^ ^"VC'V. fr z ) ( 3 - 15 ) 



and hence 

T-l T-l 

C^z- 1 }/ f| 0^ x ^,a;z)^C[z,z- 1 }/ f| 0™'\a,/3;z) 

s=0 s=0 

(3.16) 

by Lemma 13. 11 

Let a, j3 G Z. Let g = —£1-/3 — 3, Qq, iS = a — l+l\+5{s < i\)+s/T, 
s = 0, . . . ,T — 1 and 

R<x,PA = C[z, 2 ] a +/3-A-T(a+^-l-A- g ),Q+/3-l-A- (3-17) 

For r = 0, . . . , T — 1 and i G Z< a+/ g_i_A> it follows by the argument in 
the proof of Lemma [3,2l that there exists a unique Laurent polynomial 
in R a ,/3,A, which we denote by -En,m («, ft,i; z), such that 

E%$(a,P,iiz) G p| O(a + 0-l-A,Q a , 8 ,g;*) and 

0<s<T-l 

E^\a,(3,i;z) - z* £ <D(a + f3 - 1 - A,Q a , r ,q;z). (3.18) 

We also define 

Ejffi(a, f3, i;z)=0 for i G Z> a+/3 _ A (3.19) 

for convenience. Since 0(a + j3 — 1 — A, Q a , s , Q', z) C On,m (a, /3; z), 
we have 

Egg* (a, f3, i; z) = b r J (mod 0^(a, ft z)) (3.20) 

for s = 0, . . . , T — 1. Define 

^n,m v^) P) ^i ■*"/ / -^ J n,m (0!,p,l,Z)X 

Y, E^)(a,P,i;z)x- i - 1 G C^" 1 ]^)) 

i<a+/?-l-A 

(3.21) 

for s = 0, . . . ,T — 1. It follows from Lemma 13.21 that 

T-l 

£££>) (a, 0, *;*)==*> (modO^(a,/3;z)) (3.22) 
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for i £ Z and 

T-l 



(3.23) 



s=0 ieZ 

i<a+/3-l-A 



Define a Laurent polynomial $^„ m (a, /3; z) € R a ,/3,A by 

-Zi - Z 3 + Z 2 - <?(r(p, n) < ii) - 5(T < r(p, n) + i 3 ) 



ti.p.ml^i P> ^7 






i=0 
X 



Reg [(I _|- x \<x-l+h+8(r(p,n)<h)+r(p,n)/T 

(3.24) 

where r(p,n) is denned in (|3.7|) . This is used to define the product 
*n,p,m on a vertex algebra in Section HI 



We denote Span c {^ e C[«,« -1 ] | t ^ -1} by C[z,z _1 ]^_i. The 

T 
n,p,m 



following two results will be used to compute 1 *^ „ m a for a G V in 



Section HJ 

Lemma 3.5. Let a,r € Z u;zi/i < r < T — 1. TTien 

4?(0,a;2,^) = ^o* -1 (mod (C^^-^-OCCx))). 
Proof. Since 

a+A+Ji+fe+l-j /, N 



»=o 



for all j € Z<o, On,i (0, ar,z) is a subspace of C[z,z 1 ]^-i- Since 

En,m {a, p\ i; z) — dv^z* G Oj^m (0, a; z) for ieZ, the proof is com- 
plete. □ 

Lemma 3.6. Ze£ a € Z. TTien 

$ n,p,m(°> «! *0 - ^,P Z_1 ( mod <£[z, « _1 ]^-l)- 
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Proof. If n ^ p (mod Z), then it follows by Lemma 13.51 that 

Suppose n = p (mod Z). By Lemma 1331 again, the same computation 
as in the proof of [U Lemma 4.7] shows 

$n,p,m(°> Q ; z ) = <W* -1 (mod C[z, a -1 ]^). 

D 



The following result will be used in order to obtain Lemma 14.3 
which induces the commutator formula in Lemma 



Lemma 3.7. Let a, fi E Z. 

®n,p,m( a i P'i z ) - ¥a+l3-l-A,a+/3+m-n-2(®n,m+n-p,m(f3> a 'i z )) 
- Res^l + x )<*-l+P-n X (.Trr(v,n)) ^ p . ^ x) £ qT,^ p . z y 

(3.25) 

Proof. The proof is similar to that of j5j Lemma 3.4]. We simply write 
r = r(p,n) and v? = <p a +p-i-A,a+p+m-n-2- It follows by 

(m + n — p) — n = = — (mod Z) 



that ^! nm+n _ pp (fi,a;z) E n^vO},,™'' (/3,a;z), where r v is defined 

■ n,m+n— p,p\ 



ind3SD. Since ^($£ + n „ p JP,a;z)) E n s ^ r oS'\a,p;z)by QSM, 



we have 

*n,y,mi"! Pi z ) r'v, n,m+n— p,mvPi ®-> */J 

-Res a; (l + xr- 1 ^-"x( T ^(a,/3;z,x) G f| Og^a.^z). 

Thus, it is sufficient to show (|3.25[) modulo On,m (a, P) z) by Lemma 
ET21 Define 

1 if T < ij +i 3 - i 2 , 
= { if < h + i 3 - i 2 < T, (3.26) 

-1 if i\ + i 3 - i 2 < 0. 
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It follows by the formula of e in the proof of [5j Lemma 3.4] and (|3.13p 
that 

n,m-\-n—p,m\P i ^' ■*/ 

= h+l ^ 2+£ /-h -k + (h + l 3 -l 2 + £ )- 5( r v < i x ) - S(T < r v + i 3 ) 

i=0 ^ 

xRe Sx (l + xf- 1+h+5 ^^ +rV / T 

x x -h-l:Mh+h-h+e)-8(r v KhySiTKr^ +i 3 )-i x (T^) /^ a; ^ n 

= E ( ) Res -( 1 + ^) /3 ~ 1+ ' 1+<5(rV - n)+rV/T ^' 2 ~ 1 ^4 T ™ rV) (/3,«;z,; 

i=o V ? / 

Thus, it follows by (13, 6ft that 
V(*n,tn+n-p ) m(^. Q! ;«)) 

= J^ (~ 2 .~ JRes a; (l + x) Q - 1+p - n+4 x-' 2 - 1 - 4 ^ 1 >)(Q,/3;z,x) 
i=0 \ l J 

(3.27) 

and therefore 

^(^m+n-p.mO 3 '"^)) 
!l+^3— ^2+E 



E ( . jRes^l + x)"- 1 ^-"^-' 2 - 1 - 1 Y, zJx ~ 3 ~ l 

4— Q \ / ;c» 

modO^'V,/^))- 



j=o v 7 jez 

j<q+/3-1-A 
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The same argument as in the proof of |5, Lemma 3.4] shows 

^n,p,Tn\^J Pi z ) Vv^ n,m+n—p,m\P > ^' z )) 

_ V^ ( — h — h + h — B — 1 



4=0 



X Res x ((1 + x )<x-l+h+6(r<h)+r/T x -h-l 3 +l 2 -e-l-i ^ tP x'^ 1 ) 



h+h~h+£ 



j<a+/3-l-A 



- Y, [ i )n**xO-+x) a - 1 + p - nH x- h - i - i y zJx 

i=0 \ l J j eZ 

j<a+P-l-A 

(modOg^VM) 
= Res x (l + x) a - 1+p - n Y Jx'*- 1 . 

j<a+0-l-A 
The proof is complete. □ 

Let I E (1/T)N with I <n,m. Then, it follows by Lemma [3. 41 that 

X^\a, p] z, x) = X^^ia, /3; z, x) (mod Ojl\ m _^(a, /3; z)((x))) for 
a, j5 £ Z. The same computation as in the proof of O Proposition 
4.3] shows the following lemma. 

Lemma 3.8. Let I G (1/T)N ot#i I <n,m. Then 

^n,p,m("> /5; «) = $l-l,p-l,m-l( a ' fc z ) ( mod °n-J,m-j( a » # Z ^ 

for a, /3 GZ. 

Let T' be a positive multiple of T and a, /3 G Z. Set d = T'/T. We 
note that m = Zi + di\/T\p = 1% + 0H2/T' and re = Z3 + 0H3/T' . Thus 
it follows by fl£HD th at 

Og^fa/M = Og^'V./M (3-28) 

for r = 0, . . . , T — 1. By this and (|3.20p . we have 

E^ dr \a,/3,i;z) = 5 r , s z* (mod o£>).i( a , &*;*)) 
for i G Z and r, s = 0, . . . ,T — 1. Therefore, Lemma 13.21 implies 
££ dr) («, £ *; *) = Efflia, /3, i; z) (mod 0^(a, /3; *)) 

for i G Z and r = 0, . . . ,T - 1. By (^2T]) and (|3T23|) . we have the 
following result. 
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Lemma 3.9. Let T" be a positive multiple ofT and a, j3 6Z. Tfoen 

$ n,p,m(«> P\ z ) = $ n iP ,m("> # z ) ( mod OjmK # Z ))' 

4 Associative algebras A^(V) and bi- 
modules A^JV) 

Throughout the rest of this paper, we always assume the following 
properties for a vertex algebra V: V has a grading V = ©^. A V^ 
such that A E Z<o, 1 E Vo and for all homogeneous element a € V, 
ciiVj C V w ta-i-i+j, where Vi = for i < A. Every vertex operator 
algebra satisfies these properties. Throughout this section, we fix m = 
h + h/T,p = l 2 + i 2 /T, n = h + i 3 /T E (1/T)N with l lt l 2 , l 3 €N and 
< ii,Z2,*3 < T- 1. 

In this section, we first define a product *„ ~ m on 1/ and a quotient 
space .Aj[ m (V) of V. In the following, we shall use a similar argument 
as in [4, Section 3]. For a E 14, we denote i by wta. Define 

£P>)(a,M = E^(wta,wtb,i;z)\ zJ=ajb E F (4.1) 

for homogeneous elements a, 6 of V^ and i € Z and extend i%,m («, ft, i) 
for arbitrary a, b E V by linearity. 

Let O n ,'m(^) be the subspace of V^ spanned by 

{a_2l + (wt a + m — n)a E V | homogeneous a E V} (4.2) 

and O n ] m (V) the subspace of V spanned by 

r . . . „ homogeneous a, 6 E V and i . , . 

^^€7 pn " T,l/ ! t . x • 4-3) 

I J P(z) E O n ,m (wt a, wto;^) J 

A similar argument as in the proof of [161 Lemma 2.1.3] shows the 
following lemma as stated in the proof of [4, Lemm 2.3]. 

Lemma 4.1. 

Res x (l + x) i x j Y{b,x)a 

= (-l) j+1 Res a .(l + x) wta+wtb+m - n - 2 - i ^x j Y( y a,x)b (mod 0^(V)). 

for i E Q, j E Z an<i homogeneous a,b £7 . 
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Define 

X£m ] (^ &5 X ) = X n T m ( w * a, wt b] Z, x)\ zj = a . b 

J2 E^\aAi)x- % - 1 (4.4) 



i<wt a+wt 6—1— A 



for a,b G V and s = 0, . . . , T — 1. By (|3.23p . we have 

T-l 



££g?>(a,M) = Oi6 (modO^(F)) (4.5) 



s=0 

for jgZ and 

T-l 



5^xgf)(o,6;x) = y(a,x)6 (mod 0%i(V)((x))). (4.6) 

Define 

a *I,P, m & = €,p, m ( wta . wt M)| 2 ;=a J ( ) G V (4.7) 

for homogeneous a,b £ V and extend a *n,p,m b f° r arbitrary a, 6 € V 
by linearity. By y(l,x) = idy and Lemma |3.6[ we have 

1 *n,p,m a = S n, p a (4.8) 

for a £ V. 

Definition 4.2. Let O ra ,' m (y) be the subspace of V spanned by 

rr~\ rjn rjn rj~\ rr\ 

" n,p3,m \v" P3,P2,Pi I P3,Pi,m P3,P2,m \ P2,Pi,m W/ 

for all a,b,c,u £ V and all p%,P2,P3 € (1/T)N. Define 

^n,m\ " I 

V (V* T (O t '° (V) + O t ' x (V))* T V 

Pi,p 2 G(l/T)N 

and 

Ol m {V) = ol^iv) + olUv) + 0**00 + o T : i(v). 
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By (|4T8|) . we have 

Co * T h) * T r — n * T Ch * T rl (= D T ' 2 (V) 

v." n,p2,Pi / n,pi,m n,p2,m V u p2,pi,m °/ ^- ^n,m\ K / 

for a, 6, c € V and pi,£>2 £ (1/T)N. 

Lemma 4.3. 

« <p, m & " & *n, m+ n- P , m a - Res^l + x) wta - 1+ P-"X(^fe"))(a, b; x) 

6 0^(i/)+oi : :(F), 

where r(p,n) is defined in (I3.7J) , 

Proof. We simply write r = r(p,n). Let e be the integer defined in 
(pT26j) . By Lemma O and (pOT)) . we have 

" n,m+p—n,m u 

h+l-i—h+e / r i \ 

= J^ f 2 .~ jRes a; (l + x) wta - 1+p - n+i x-' 2 - 1 -^ 7 >)(a,6;x). 

j=0 \ l / 

(modO^(V) + 0^i(V)) 

h+h—h+e 



2 \ R oc Cl -L- ^wta-l+p-n+i^-^-l-i 



'3— *2-rt / ; i\ 

£ ( /2 . MRes.a+xr 

j=o \ * / 

x ^ffiT* (wt a, wt 6; Z, x) \ z j= ajb 

Pwta+wtb-l-A,wta+wtb+m-n-2{&n,m+n-p,rn( w tb, w t a] z))\ z 3 =a: . b , 



where ^wta+wtb-i-A,wta+wtb+m-n-2 is defined by ((375]). Thus, the 
assertion follows from Lemma 13.71 D 

By (|4.8p and Lemmas 13.51 and 14.31 we have 

a< m , m l = a (modO^(V) + 0^i(V)) (4.9) 

for aeF, 

The same argument as in the proof of [5j Lemma 3.8] shows the 
following lemma. 

Lemma 4.4. For rn,p,n S (1/T)Z, we /iGwe V *^„ m 0j m (^) C 

o£ m (v) ^ o£ p (v) < p , m V C 0£ m (F). 
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We define 

< m 00 = v/o% m (y). (4.10) 

If m = n, we simply write A^V) = A^ m (V). By Definition I4.2| 
(|4.8p . (|4.9p and Lemma 14.41 we have the following result. 

Theorem 4.5. Letm,n G (1/T)N. Then, (A^(V), *m mm ) is an as- 
sociative C-algebra andA^ m (V) is an A^(V)-Aj n (y)-bimodule, where 
the left action of A^iV) is given by *n nm and the right action of 
A m( V ) is 9iven by *l^ m . 

Lemmas 13.41 and 13.81 imply the following result. 
Proposition 4.6. Let l,m,n £ (1/T)N with I < n,m. Then O n ' m (V) 

rp -i 

is a subspace of O n , _ lm _ l {V). Moreover, the identity map on V in- 
duces a surjective algebra homomorphism A^iV) — > A^ n _ l (V) and a 
surjective A'^(V)-Aj n (V)-bimodule homomorphism A^ m {V) —> A^_ { m _j(V). 

Lemma 13.91 and (|3.28p imply the following result. 

Proposition 4.7. Letm,n E (1/T)N andT' a positive multiple ofT. 

r P 1 r P l 1 

Then O n ]m{V) is a subspace of O n ,m(V"). Moreover, the identity map 
on V induces a surjective algebra homomorphism A^iV) — > Aj^iV) 
and a surjective A^ (V)-Aj n (V)-bimodule homomorphism A^ m (V) — > 

Remark 4.8. Suppose V is a vertex operator algebra. Let g be an 
automorphism of V of finite order t. In [5j, a product *" m on V and 
a quotient space Ag^miV) = V/O gi n,m(V) of V are constructed for 
each n,p,m£ (l/i)N. If g = idy, then *™ mp = *^ p and A g ^ m {V) = 
A n ,m(V), where *m,p is a product on V and A n<m (V) is a quotient 
space of V constructed in [3] . 

We shall discuss a relation between A g>n)m (y) and A^ m (V). Sup- 
pose T = 1. Then *„ pm = *m iP by the definition. Moreover, O n ' |m (7)+ 
O^m(V) = 0^ m (V) by Q and (^TU|) . where 0^ m (V) is the sub- 
space of V defined on p. 801 in [3J. Thus, 0\ m {V) = 0„, jm (V') and 
Al m (V) = A nim (V). 

We shall use the notation in Remark 12.71 and [5j. For homo- 
geneous a, b £ V and P(z) € O n ' im (wta, wt b;z), the definition of 
On tm (wt a, wt 6; 2) implies 

i-l 
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where O gnm (V) is the subspace of V defined on p. 4240 in [5j. Thus, 



On,m(V) is a subspace of 0' m (V). We simply write r = r(p,n) 



g,n, 



which is defined in (|3.7p . For s = 0, . . . , t — 1, we have 

Ej$(a(**),b,i)-6r,.a?' a) b 
= (E%£(wta^ s \wtb,i;z) - 8 r , 8 z% {g , s) € 0' g ^ m (V) 

i 

since En } m(wta^ 9,s \wtb,i;z) — dr^z" 1 £ On.,m (wt a*- 9 '^, wt b; z) by 
flOO]) . Therefore, by (f3^4t) and gZ]) we have 



" n,p,m u / j " n,p,m u ^ " n,p,m 

^a^*l^ p b (mod 0^ >m (y)). 

We conclude that 0^ m (F) C O 9 ,n,m(^0 and ^4 s , n ,m(^0 is a quotient 
space of A^ m (V). 

For an automorphism group G of y of finite order, the same argu- 
ment as above shows ^4G,n(^) in [32] is a quotient space of A n (V). 

5 (l/T)N-graded (V, T)-modules and A^ m (V) 

Throughout this section, we always assume the properties mentioned 
at the beginning of Section 0] for a vertex algebra V as stated there. 
In this section, for m € (1/T)N we describe a relation between the 
A^(V)-modules and the (1/T)N- graded (V, T)-modules defined below. 

Definition 5.1. A (l/T)N-graded (V,T)-module M is a (V,T)-module 
with a (l/T)N-grading M = Q n e(i/T)N M (n) such that 

ciiM(n) C M(n + wta-i-l) 

for homogeneous a G V and i,n E (1/T)N. 

For a (l/T)N-graded (F,T)-module M, a (V, r)-submodule N of 
M is called (1/T)N -graded (V,T)-submodule of M if N is a (1/T)N- 
graded (V, T)-module such that every homogeneous subspace of TV is 
contained in some homogeneous subspace of M. A non-zero (1/T)N- 
graded (V, T)-module M is called simple if there is no (l/T)N-graded 
submodules of M except and M itself. 
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In the following, we shall use a similar argument as in [H Section 
4]. Throughout this section, m = h + h/T,n = l 3 + i 3 /T € (1/T)N 
with l u l 2 G N and < ii,i 3 < T - 1. Until Proposition [5771 M = 
®ie{i/T)xM(i) is a (l/T)N-graded (V, T)-module. Without loss of 
generality, we can shift the grading of a (l/T)N-graded (V, T)-module 
M so that M (0) ^ if M ^ 0. 

Define a linear map o n ^ m : V — > Home (M(m), M(n)) by 

°n,m(o) = a wta+m-n-l (5-1) 

for homogeneous a € V and extend o n ,m(o0 for arbitrary a € V by 
linearity. If m = n, we simply write o = o m?m . Define a linear map 

4/in, m K &; ") : C[z, z- 1 } -► Hom c (M(m), M) by 

£$„_„>, b;^) = Y$ (a, 6; wt a + wt b + m-n- 2 -i,i) (5.2) 

for s = 0, . . . , T— 1 and homogeneous a,b £ V and extend ZJ£ m (a, b; — ) 
for arbitrary elements a, b € F by linearity. Lemma 12.81 implies 
that the image of Z^ nm (a,b;f(z)) : M(m) — > M is contained in 

M(n) for f(z) € C^z" 1 ]. That is, Z$ nm (a,b;-) : C{z,z~ 1 } -»■ 
Hom c (M(m),M(n)). 

Lemma 5.2. For s = 0, . . . , T— 1 and homogeneous a,b £ V, Z^ n m (a, b; 
on On,m (wta,wt6;z). 

Proof. It is sufficient to show that Zjj£ n m (a, 6; ^ n ,m (wt a, wt 6, d; z)) = 
for all d € Z<o- Let it; E M(m). Since Ym(Y(o,xo)M2)w £ 

1 jrp 

M (( x 2 ))(( x o))>- wt a-wtb+A, it follows by Remark [275] that 

Y M (a,b\x 2 ,x )(w) € M((x2 /T ))((x ))>-wta-wt6+A- (5.3) 

Let 

j = wta- 1 + Zi + 5(s < ii) + — , 

/c = wt 6 — 1 + Zi + <5(s v < i\) H d and 

Z = -Z x - Z 3 - o( s < ii) - 5(T < s + i 3 ) - 1 + d, 
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where s v is defined in (|3.8p . Since o,-+j = 6fc+j = on M{m) for all 
» € N, it follows by (LTT5J) . (I3J2J) and (Q that 

^Sn, m («> &5 *£ s) (wt a, wt 6, d; *))(«;) 

wt a+wt 6— 1— A— I / .\ 

J2 ( 3 .)Ylf(a,b;j + k-i,l + i)(w) 

i=o ^ z ' 

= Z)(.) I i* ) (a. 6 ^' + * ; -»^ + 0(«') 

i=0 ^' 

= 0. 

a 

Lemma 5.3. For u E O n ' m (V) + O n ' t m{V), o n>m (u) = on M(rn). 

Proof. Let a, b be homogeneous elements of V. It follows by Lemma 
12.91 that o njm (a_2l + (wta + m — n)a) = on M(m). Let P(z) = 
Siez ^ z% ^ On,'m(wt a, wt6; z). It follows by Lemma 15.21 that on 
M(m) 

T-1 

= N^ N^ ^«^m (a,b;wta + wtb + m — n — 2 — i,i) 



s=o iez 

s=0 

0. 



n 



Lemma 5.4. For a, 6 € V and u; E M(m) 

O n ,m{a *n,p,m b ) w = °n,p( a )°P,m(b)w. 

Proof. We may assume a and 6 to be homogeneous elements of V. 
We simply write r = r(p,n), which is defined in (13. 7D . By (|3.20p and 
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Lemma 15.21 we have 

Z M,n,m( a ' b '> E n,m ( wt a, wt 6, j; z)){w) 
= Z M,n,m( a 'h zJ )( W ) 

= Y$ (a, 6; wt a + wt b + m - n - 2 - j, j) (5.4) 

for j G Z. We write $^ pm (wt a, wt 6; z) = 2~] ieZ AjZ 2 , Aj G C. By 
(15.41) . we have 

^\o ntm (aib)w 

iei 

T-l 



O n ,m(a *n,p,m fyw = ^J AjO„ )m (aj6)-( 

2 ' / ' AjY^ (a, b; wt a + wt b + m — n — 2 — i, &) (w) 

s =o iez 

T-l 

X] Z M,n,m( a > b \ $n,p,m( wt a, Wt b] z))(w) 



As) 

s=0 

Z M!n,m( a ' ^ ^n,p,m( w t a, Wt 6; z))(w) 

-h-l 3 + l 2 -6{r<ii)-6(T<r + i 3 ] 

i 



E 

i=0 



Resa; ((1 + x) 



wta-l+h+5(r<H)+r/r x -Zi-«3+i 2 -<5(r<ii)-5(T<r+i 3 )-i 



; E Z Sn, m («^; S S ) (wta,wt6,i;z))Hx^- 1 ) 
'"' " *i-f 3 + fe-<J(r<ii)-<y(r<r + i 3 ) 

i 



E 

i=0 



Res x ((1 + x) 



wta-l+li+5(r<ii)+r/T x -h-l3+h-8(r<h)-6(T<r+i3)— i 



, , Ar) 



^2Y^'(a,b;wta + wtb + m-n-2-j,j)(w)x j 1 ). (5.5) 
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Let \x = —l\ — I3 + 12 — 6(r < i\) — 5{T < r + 13) and i E Z. Then 

Res x ((1 + x )wta-l+Z 1+ 5(r<H)+r/r xM -i 

x ^Y^j (a, 6; wta + wt6 + m — n — 2 — j, j)(u;)x _J ' _1 ) 



oo 



^-\ I wt a — 1 + l\ + <5(r < ii) + r/T 



fc=o 

x Y^ (a, 6; wt a + wt 6 + m — n — 2 — fi + i — k,fi — i + k)(w) 

_ ^ /wt a - 1 + h + <f(r < n) + r/T 

~^l A; 

fc=0 v 

x Res,, Resx!-^ ( x ^ »+wt b+m-n-2-M+i-fc^ _ X2 )M-i+fc 
x y|[ ) (a,6|x 2 ,xi -x 2 )(») 

-R*« Rpo / wta-l+h+5(r<u)+r/T wt6-l+h+5(r v <n)+r v /T-/ 2 +i-l 

x (x 1 -x 2 )" ,1 " ,s+ ' a " i(p - il) "* (T - P+is) " i y£ ) (o,6|x 2 ,xi-x 2 )(«;)), 

where we used (|3.12|) in the last step and r v is defined in (J3.8J) . Thus, 
(15,51) becomes 



On,m\ a *n,p,m ") w 

4=0 ^ ? 

v R« R« ( _wto-l+h+<5(r<ti)+r/T wt6-l+Zi+5(r v <i 1 )+r v /T-2 2 +i-l 

x (xi -x 2 )- il -' 3+i2 - ,5(r ^ l) - a(T - r+i3) - i y£ ) (o,6|x2,xi -x 2 )H). 

(5.6) 

The rest of the proof is the same as that of Lemma 5.1] by (|2.16|) . 

□ 



The following result is a direct consequence of Lemma 15. 41 

Corollary 5.5. If M is generated by one homogeneous element w as 
a (V,T) -module, then M = {a>iW \ a E.V,i G (1/T)Z}. 

We define an .A^(V)-.A^(V)-bimodule structure on Home (M(m), M{n)) 
by 

(afb)(w) = a(f(bw)) 
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for / G Homc(M(m),M(n)), a € ^(V),6 G A^(T) and w G M(m). 
For a (V, T)-module W and m G (1/T)N, define 

= {w G M^ | a w ta-i+feW = for all homogeneous a G V and k > m }. 

Clearly, 0™ o M(i) C ft m (M). 

Lemmas 15.31 and 15.41 imply the following results. 

Lemma 5.6. For u G 0^ m (V), o n:m (u) = on M(m). The lin- 
ear map o n:m : V — >■ Hom<c(M(m), M(n)) induces an A'^(V)-Aj n (V)- 
bimodule homomorphism from A^ m (V) to Home (M(m),M(ri)). 

Proposition 5.7. Let W be a (V,T)-module. Then o : V ->• End c (n m (W)) 
induces a representation of A^V). In particular, M(m) is a left 
A^jy) -module. 

For a left A^ (V )-module U, set 

M(u)= < m (y) ® A T m{v) u 

ne(l/T)N 

and M(l7)(n) = i4£ m (F) &Ut(V) f 7 for every n G (1/T)N. For homo- 
geneous a G V and i G (1/T)Z, define an operator ai from M(U){n) 
to M(U)(n + wt a - £ - 1) by 

„(htt„\-l ( a *n+wta-i-l,n,m b )® U ifn + WtO-»"-l>0, 

ail&®«J-| ifn + wta-i-l<0 

(5.7) 

for 6 (g) u G M(U)(n) with b & V and u £ U. This operation is well- 
defined (cf. [4, p.815]). We extend a^ for arbitrary a G V by linearity 
and set 

Y M(u) (a,x)= Y, ciix-*- 1 : M(U) ^ M(U)((x 1 / T )). 

ie(i/T)z 

We shall show (M(U),Y M(U) ) is a (l/T)N-graded (V, T)-module. 
For homogeneous a, 6 G V, s G Z with < s < T — 1 and i G 

(l/T)Z,j G Z, define a linear map YJ^ (u Ja,b;i,j) : M(U)(n) — > 
M(C/)(wt a + wt 6 - i - j - 2 + n) by 



.(«) 



Y M(y)(. a > b > i >N c ® u 

J wt a+wt b-i-j-2+n,n V"' "> J J ^ wt a+wt b-i~j-2+n,n,m 
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(- E 'wta+wt6-i-i-2+n.n( a '^'-?') *wta+wt6-i-i-2+n.n,m c ) ® U ( 5 - 8 ) 



for c (g> u £ M(U)(n) with c E V and u € £/. This operation is 

^) ( 



also well-defined. We extend Y^' (u Ja,b;i,j) for arbitrary a, b € V by 



linearity and set 

Y £(f/)( a ' 6 l x 2,»o)= J] X^ y M(V a ' 6;i ' J ) 

i6(l/T)Zj'6Z 

It follows by (|3.19p and (|4.ip that YJ^^Ja, b\x2,xo) is a linear map 

from M(U) to M{U){{xl /T ))((x )). 

From now on, we simply write M = M(U). By f|4.5|) we have 

T-l 

^2 y m \a,b;ij)(c®u) 

s=0 
T-l 

= / ; ( wt'g+wt 6-i- 7-2+n.n( Q ' "' ■?') *wt a+wt b-i-j-2+n,n,m C ) ® U 
s=0 

= {{CLjb) * w ta+wtb-i-j-2+n,n,m C)(g>U 

= (a,jb)i(c®u) 

for homogeneous a,b £ V and c ® u € M(n) with c G V and u £ U. 
Thus 

T-l 

^y^ ) (a,6|x 2 ,x )(w) =y M C^(a,x )6,x 2 )u' (5.9) 

for io £ M. 

Lemma 5.8. ^ OjM(n) = /or homogeneous a £ V and i > 
wta — 1 + n. 

(2) Y M (l,x)=id M . 

Proof. Clearly, (1) holds. Let a ® u & M(n) with a € V and c £ U. 
By Lemma 13.6} we have 

li(a <g> u) = (1 * T i_i +n , n , m «)0« 

= (5j i _i(l_ia) (g> u = 5i~\a ® u 

for i e (1/T)Z. D 
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Lemma 5.9. Let a,b be homogeneous elements of V , i,j G (1/T)Z 
and r the integer uniquely determined by the conditions < r < T — 1 
and r/T = i (mod Z). Then 



[ai,bj]w = ^2 [ k ) Y M( a > b '' i +J ~k,k)(i 



for w G M . In particular, 

(xi -x 2 ) l [Y M (a, xi),Y M (b,x 2 )] = 
fori G Z> wta+wt b_A- 

Proof. Let c®«£ M(n) with c G V and u & U. By Lemma 14.31 we 
have 

aibj(c ® u) — bjOi(c <S> «) 

= ( a *wta+wt6-i-j-2+n,wt6-l-j+n,m (" *wt b-l-j+n,n,m c )) ® u 
~ \" wt a+wt b— i—j— 2+n,wt a— l—i+n,m V^ wt a— 1— i+n,n,m *-■)) ™ ^ 

= ((O * w ta+wt6-j-j-2+n,wto-l-j+n,n "J *wt a+wt b-i-j-2+n,n,m c ) ® u 
— ((" *wta+wt&-i-j-2+n,wta-l-i+n,n a J *wt a+wt b-i-j-2+n,n,m c ) ® n 

= (ReS^l + X) l l^ ; a r { wtb _ j _ i _ 2+njn (a,6;x) C a+wt &-i-i-2+*,n,m ^« 

°° / ' \ 
= (L I £ )- E wta+wto-i-j-2+n,n( a '^'^) *wt a+wt b-i-j-2+n,n,m c ) ® u 

fc=0 ^ ' 

The last formula follows from this and Remark 12.61 (cf. [13, Remark 
3.1.13]). □ 

We recall that YJ^{a,x) denotes Sier/T+z aiX~ l ~ l for a G V (cf. 
(I2TT0]) ). 

Lemma 5.10. Let a, 6 G V with a being homogeneous, l,r G N u>i£/i 
< r < T - 1 and n = I 3 + i 3 /T G (l/r)N wt/i l 3 ,i 3 G N and 
< iz < T - 1. TTien 

Res^ x{,(x 2 + x ) wta - 1+/3+5( ^ i3)+r/T Yi f r) (a, b\x 2 ,x )(w) 
= Res,,, x{,(x + x 2 r ta - 1+l -^ r ^ +r / T Y^(a,x + x 2 )y M (b,x 2 )«; 
/or it; G M(n). 
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Proof. Using Lemma 15.91 we obtain the formula by the same compu- 
tation as in the proof of [5j Lemma 5.9]. □ 

Lemma 5.11. Let a,b € V with a being homogeneous, r £ N with 
< r <T - 1 andn = l 3 + i 3 /T G (1/T)N mt/i l 3 e N and < i 3 < 
T-l. Then 

Re Sxo x^(x 2 + xo) wta - 1+h+5{r ^ )+r/T Y^(a,b\x 2 ,x )(w) 

= Res xo Xu l (x + x 2 r ta ~ 1+l * +s ( r ^ +r / T Ylt(a,x + x 2 )Y M (b,x 2 )w 

for w S M(n). 

Proof. Let c (g> u € M(n) with c € V and u EU. We may assume 6 to 
be a homogeneous element of V. We shall show 

Res xo Xq z (x 2 + s ) wt a+q xf b - q Y$ (a, b\x 2 , x ) (c ® u) 

= Res^ Xq '(xq + x 2 ) wt a+9 x^ "^m^. x o + ^2)5m(&, ^2)c ® u, 

where q = — 1 + l 3 + <5(r < 23) + r/T. We have 

Res X0 Xq \x 2 + x Q Y ta+q xf b ~ q Y^(a, b\x 2 , x )(c ® u) 

00 

fcei 
x Y^'(a,b;k,j - l)(c®u) 



wta-l + l 3 + 5(r < i 3 ) + r/T^ ^-k-i+wta+wtb-j 



i=0fce(i/T)z x ^ 



i=o fce(i/T)N 

M 



wta-l + l 3 + 5(r < i 3 ) + r/T\ /_/,_„_ , 
J 



E E ! '■'■ 



x YJ^'(a,b;wta + wtft — j + I - k + n — 2, j — l)(c® u) 



00 



wt a - 1 + l 3 + 5(r < i 3 ) + r/T\ l+k _ n+1 



_ ^->. ^->. / Willi — a. T <*3 T "V' — *3/ ' ' / - 1 \ 

i=o fce(i/T)N V •? / 

x (^£ r) ( a ' 6 >i - *L,m C ) ® U 

= Z! ^ 2 ' +fc_n+1 (Res :[ .x- i (l + x) wta - 1+ ^ +<5 ^^)+^ 
fce(i/T)N 

x ^£ r) ( a ^;^)) *M,m c ) ® n - ( 5 - 10 ) 

On the other hand, applying the same computation as in the proof 
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of [5l Lemma 5.10] to 

Res X0 Xo'(x + x 2 ) wta+q xf b ~ q Y r M (a,x Q + x 2 )Y M (b,x 2 )(c® u) 

T-l 

= J2 Re Scco xv l (x + x 2 y ta+ Hf b - q Y r M {a,xv + x 2 )lft(6,x 2 )(c ® u), 

we have 

Re Sa;o Xq '(so + a ;2 ) wta+9 xf b " 9 y^(a, x + x 2 )*jif (6, x 2 )(c ® u) 

s=0 fce(i 3 -r-s)/T+Z 
0<fc 

j + Z 3 + <J(r < i 3 ) + r/T - Z + k 



E 



ie(i 3 -s)/r+z 

0<?<fc+Z 3 +5(r<i 3 )+r/T-Z 



x { _ irJ+ l 3+ 6(r< i3 ) + r/T-l +k{a ^ (ft ^ c)) ^ „ 



r-i 

-Z+fc-n+1 
-2 



E E 



./ .) 



s=0 fce(i 3 -r-s)/T+Z 
0<fc 

■ e( .\i™ \-J + h + S(r<i 3 )+r/T-l + k 

0<j<k+l 3 +5(r<i 3 )+r/T-l 
x ( _ 1) - J+ /3 + ^<,3) + ,/T-/ +fc((a ,T .^ b) 4nm c)) g, u 

(mod 0£ m (V)((x 2 ))). (5.11) 

Moreover, for each k = I4 + (13 — r — s)/T G (13 — r — s)/T + Z with 
A; > and Z4 £ Z, we have 

Fl= ,. ^ /T+7 V-J + ^3 + *(r < 13) + r/T - I + k 

0<j<k+l 3 +S{r<i 3 )+r/T-l 

x (_ 1 )-i+J3-M(r<i3)+r/T-l+fc a ^T, n ft 

U+/3+<5(r<J 3 )+<5(s<i 3 )-/-l , , N i 4 +i 3 +5(r<j 3 )+<5(s<i 3 )-/-l-p . , 

e ;' ( - 1)P £ 

p=0 v ^ y j=0 v 

x Res^l + x) wt °- 1+,8+ *^ i8 ) +r / T s- p -'- < X^ ) (a,6;a;) 

= Res.x-^l + x) wta - 1+ ' 3+5 ^^) +r '/ T lf/ ) (a,6;x) (5.12) 
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by [U Proposition 5.3]. By (|5.10p - (|5.12p the proof is complete. D 
By Lemmas 15.101 and 15.111 we have the following result. 

Lemma 5.12. Let a,b € V with a being homogeneous, r G N with 
0<r<T-landn = l 3 + i 3 /T € (1/T)N with l 3 ,i 3 G N and 
< h < T ~ I- T/ien 

( X2+Xo) wta-l + / 3+ ^<,3) + r/T y W (ai6|2;2)Xo) 
= (*0 + X 2 ) Wt a-l+i 3 +*(r<i3)+r/r yj r f ^ ^ + ^y^ X2 ) 

on M(n). 

By (|5.9|) and Lemmas 12.41 15. S\ 15.91 and 15. 112|, the same argument as 
in the proof of [H Theorem 4.13] shows the following theorem. 

Theorem 5.13. Let U be a left A^V) -module. Then M(U) = 
©ne(i/T)N^4n,m(^) ®A T (V) U is a (1 / T)N - graded (V,T)-module with 
M(U){n) = A% m (V) ®a t (V) U and the following universal prop- 
erty: for a (V,T) -module W and an Aj n (V)-homomorphism a : U — >• 
Qm(W), there is a unique homomorphism a : M(U) — >• W of (V,T)- 
modules that extends a. Moreover, ifU cannot factor through Aj n _ 1 , T (V) , 
thenM(U)(0) + 0. 

The following result immediately follows from Theorem 15.131 (cf. 
Theorem 4.9]). 

Corollary 5.14. For every m € (1/T)N, there is a bisection between 
the set of isomorphism classes of simple left A^iV) -modules which 
cannot factor through A^ n _ 1 , T (V) and that of simple (1/T)N- graded 
(V,T) -modules. 

6 Appendix 

6.1 The determinant of a matrix 

In this subsection we shall show that the matrix T in (|3.4p is non- 
singular. Let b,t be positive integers and xq,--- ,Xt-i indetermi- 
nates. We denote by E n the n x n identity matrix. Define a^(x s ) = 

EJLi G+j) { k - s j} 6 C[x„] for < 8 < t - 1, 1 < k < b and i e Z. Note 
that 

dega k i {x s )=i + k (6.1) 
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for i € N. Define t bt x 6-matrices A s , s = 0, . . . , t — 1 by 



/ a (t-l)b-l( X s) a (t-l)b-l( X s) '" a (t-l)b-l( X s)\ 



A, 



n 



i 

(t-l)b-2 



(x s ) a, t _ 1 - )h _ 2 [x s ) 



\ 



a- b {x s ) 



oc-b{x e ) 



a (t-i)b-2y Xs 



°t h {x S ) J 



(6.2) 



and set A = (Ag • ■ • A-l)- The following result implies T is non- 
singular. 



Proposition 6.1. 

detA 

Proof. Since 
(a}(x s ),...,a b i (x s )) 



6-1 



n n 

0<i<i<t-l k=-b+ 



/ Xi Xj -\- k > 6— |fc| 

/&0' -*) + *' ' 



( 



;L pS 



i + 1/' W + 2 



i + 6 



/I (f) ("-) 

o i (--) 



)\ 



2 y 

r) 
1 / 



\o 

the determinant of A is equal to that of B = (Bq ■ ■ ■ Bt-i), where 



B„ 



( \{t-i)b) \{t-i)b+i) ' ' ' \tb-i)\ 

I x s \ I x s \ I x 3 \ 

\(t-l)b-l) \(t-l)b) \tb-2I 

V (4u) (-W • • • Co 3 ) ) 



, s = 0,...,t-l. 



The same argument as in the proof of |X5|, Proposition 9] shows that 
(xi — Xj + k) b ~\ k \ is a factor of det-B for each 0<i<j<t — 1 and 
— b + 1 < k < b — 1. Thus, there is c £ C[xq, • • • , Xi-i] such that 



6-1 



det£ = c ]"] [] (xi-Xj + kf-W. 

0<i<j<t-l k=-b+l 
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Since af(x s ) = §i+k,o for i < 0, we have A s = ( s s ) , s = 0, . . . , T — 1, 
where 



A[. 



/ a (i-l)fe-l( Xs ) a (t-l)6-l( Xs ) 
Q (t-l)fe-2(. Xs -' Q (t-l)fe-2(- 2 ' s ) 



a 



(t-l)6 



a 



V aj(i s ) 
It follows by 

O E b ] 



a {x s ) 



O A[-A' 
Eb Ej, 



(t-l)b-2\ Xs ) 

a b (x s ) J 



A' — A' 
E b 



(6.3) 



A\_ x -A' ). Thus, the 

>t\u2 



that det ,4 = (-l)^- 1 ) 62 det (A[ - A' ■ 

degree of det A € C[xo, • • • ,xt-\] is at most (X)b 2 by (|6.ip . Since the 

degree of Uo<i<j<t~i Uk^-b+i( x i ~ x j + k) b ~ W is equal to Qb 2 , we 
have cEC. 

Substituting ((t — 1)6, (t — 2)6, ... ,0) for (xo,x±, . . . , xt_i), we ob- 
tain 

6-1 

i= c n n (b{j-i)+k) h -\ k \. 

0<i<j<t-lk=-b+l 



The proof is complete. 



□ 



6.2 Some improvements of results on Ag,ti(V) 

The purpose of this subsection is to improve Theorems 1 and 2 in [15] . 
Let V = ®JL/^j be a vertex operator algebra and G an automorphism 
group of V of finite order t. For g G G and n G (l/i)N, O g ^ n (V) is the 
subspace of V defined in [8] . 

In [15], under the condition that A = 0, we constructed an associa- 
tive algebra AG >n (V) for each n € {l/t)Z in Theorem 1 and got a dual- 
ity theorem of Schur-Weyl type in Theorem 2 by using Ac^iy)- The 
condition that A = was used in order to show the non-singularity 
of a matrix in |15t Lemma 3] . 

We shall show |15} Theorems 1 and 2] without assuming A = 0. 
To do this, it is sufficient to show the following lemma, which is an 
improvement of \T5\ Lemma 3], by using En : m(a,b,i) defined in (|4.1j) . 
We note that the existence of -E^m (a, 6, i) follows from Lemma 
and Proposition 16.11 We use the notation in Remark 12.71 
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Lemma 6.2. For a, be V = ©£L A V/, < r < t-l,p£ Z, n G (l/i)N 
and g € G, we have 

Effi(a,b,p) = a^b (mod O g>n (V)) 

Proof. We may assume a, b to be homogeneous. We write n = I + i/t 

with I, i € N and < i < t — 1. Let g = —2/ — 3 and Q s = wt a — 1 + 

/ + 5(s < i) + s/t, s = 0, . . . t — 1. We use the notation in Section [31 It 

follows from (|3.ip that the image of the subspace 0(wt a + wt b — 1 — 

A, Q s , q; z) of C[z, z^ 1 ] under the map C[z, z~ l ] 3 f i->- f\ _ ( S , s ) € V 

z a j b 
is contained in Og ;n (V) for s = 0, . . . , t — 1. By (|3.18p . we have 

E%£\ a ,b,p) = E^\wta,wtb,p;z)\ zJ=a]b 
= ^E { ^\wta,wtb,p;z)\ zJ=a , 



(<7i S ) L 



+ Enfii^t a, w t 6,p; z)\ zJ=a(g ,r) b 



0: 



$>% (mod O g , n (V)). 



D 



References 

[1] R. Borcherds, Vertex algebras, Kac-Moody algebras, and the 
Monster, Proc. Nat. Acad. Sci. U.S.A. 83 (1986), 3068-3071. 

[2] L. Dixon, J. A. Harvey, C. Vafa and E. Witten, String on orbifolds, 
Nucl. Phys. B 261 (1985) 620-678; String on orbifolds II, Nucl. 
Phys. B 274 (1986) 285-314. 

[3] R. Dijkgraaf, C. Vafa, E. Verlinde, and H. Verlinde, The operator 
algebra of orbifold models, Coram. Math. Phys. 123 (1989), 485- 
526. 

[4] C. Dong and C. Jiang, Bimodules associated to vertex operator 
algebras, Math. Z. 259 (2008), 799-826. 

[5] C. Dong and C. Jiang, Bimodules and ^-rationality of vertex 
operator algebras, Trans. Amer. Math. Soc. 360 (2008), 4235- 
4262. 

[6] C. Dong, H.S. Li and G. Mason, Twisted representations of vertex 
operator algebras, Math. Ann. 310 (1998), 571-600. 

41 



[7] C. Dong, H.S. Li and G. Mason, Vertex operator algebras and 
associative algebras, J. Algebra 206 (1998), 67-96. 

[8] C. Dong, H.S. Li and G. Mason, Twisted representations of vertex 
operator algebras and associative algebras, Internat. Math. Res. 
Notices (1998), no. 8, 389-397. 

[9] C. Dong and G. Mason, On quantum Galois theory. Duke Math. 
J. 86 (1997), 305-321. 

[10] I. B. Frenkel, J. Lepowsky and A. Meurman, Vertex Operator 
Algebras and the Monster, Pure and Applied Math., Vol. 134, 
Academic Press, 1988. 

[11] A. Hanaki, M. Miyamoto and D. Tambara, Quantum Galois the- 
ory for finite groups. Duke Math. J. 97 (1999), 541-544. 

[12] J. Lepowsky, Calculus of twisted vertex operators, Proc. Nat. 
Acad. Sci. U.S.A. 82 (1985), 8295-8299. 

[13] J. Lepowsky and H. S. Li, Introduction to Vertex Operator Al- 
gebras and their Representations, Progress in Mathematics, 227, 
Birkhauser Boston, Inc., Boston, MA, 2004. 

[14] H. S. Li, Local systems of twisted vertex operators, vertex op- 
erator superalgebras and twisted modules, Contemp. Math. 193 
(1996), 203-236. 

[15] M. Miyamoto and K. Tanabe, Uniform product of Ag tn (V) for 
an orbifold model V and G-twisted Zhu algebra. J. Algebra 274 
(2004), 80-96. 

[16] Y. Zhu, Modular invariance of characters of vertex operator al- 
gebras, J. Amer. Math. Soc. 9 (1996), 237-302. 



42 



